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On loations and properties of the multiritial point of Gaussian and ±J Ising spin
glasses
S.L.A. de Queiroz
∗
Instituto de Físia, Universidade Federal do Rio de Janeiro,
Caixa Postal 68528, 21941-972 Rio de Janeiro RJ, Brazil
(Dated: Otober 31, 2018)
We use transfer-matrix and nite-size saling methods to investigate the loation and properties
of the multiritial point of two-dimensional Ising spin glasses on square, triangular and honeyomb
latties, with both binary and Gaussian disorder distributions. For square and triangular latties
with binary disorder, the estimated position of the multiritial point is in numerial agreement with
reent onjetures regarding its exat loation. For the remaining four ases, our results indiate
disagreement with the respetive versions of the onjeture, though by very small amounts, never ex-
eeding 0.2%. Our results for: (i) the orrelation-length exponent ν governing the ferro-paramagneti
transition; (ii) the ritial domain-wall energy amplitude η; (iii) the onformal anomaly c; (iv) the
nite-size suseptibility exponent γ/ν; and (v) the set of multifratal exponents {ηk} assoiated to
the moments of the probability distribution of spin-spin orrelation funtions at the multiritial
point, are onsistent with universality as regards lattie struture and disorder distribution, and in
good agreement with existing estimates.
PACS numbers: 75.50.Lk, 05.50.+q
I. INTRODUCTION
In this paper we investigate quenhed random-bond
Ising spin - 1/2 models on regular two-dimensional lat-
ties, namely square [SQ℄, triangular [T℄, and honeyomb
[HC℄. For suitably low onentrations of antiferromag-
neti bonds, it is known that suh systems exhibit ferro-
magneti order at low temperatures. We onsider only
nearest-neighbor ouplings Jij , with strengths extrated
from idential, independent probability distribution fun-
tions (PDFs). We speialize to the following two forms
for the latter:
P (Jij) = p δ(Jij − J0) + (1− p) δ(Jij + J0) (±J) ;
P (Jij) =
1√
2πσ
exp
(
− (Jij − J0)
2
2σ2
)
(Gaussian) . (1)
Our units are suh that J0 ≡ 1 in the former ase, and
σ ≡ 1 in the latter. A ritial line on the T − p (±J),
or T − J0 (Gaussian), plane separates paramagneti and
ferromagneti phases; a spin-glass phase for omparable
amounts of plus and minus ouplings is absent here, on
aount of the systems under onsideration being two-
dimensional.
For general spae dimensionality d ≥ 2 there is a se-
ond line of interest on the temperature-disorder plane,
along whih the internal energy has a simple analyti
expression, and several exat results have been derived,
known as the Nishimori line (NL)
1,2
. The shape of the
NL is known exatly, and given by
e−2/T =
1− p
p
(p >
1
2
) (±J) ;
T =
1
J0
(Gaussian) . (2)
The intersetion of the ferro-paramagneti boundary
with the NL is a multiritial point
3
, the Nishimori point
(NP). A onjeture regarding the possibly exat loation
of the NP has been put forward, whih invokes the eets
of duality and gauge symmetry arguments on the repli-
ated partition funtion of quenhed random Zq mod-
els
4,5,6
. With further extensions to onsider non self-dual
latties
7,8
, numerially exat preditions have been pro-
dued, for the Z2 (Ising) model, for all latties and inter-
ation distributions onsidered here. Versions of the on-
jeture adapted for hierarhial latties have been on-
sidered as well
9
.
Loations of the NP predited by the onjeture gener-
ally agree very well with results obtained by other means.
However, the remaining disrepanies provide ompelling
evidene that, at least in some ases, the onjeture may
not be exat. First, on the SQ lattie, several very a-
urate numerial estimates for the ±J oupling distribu-
tion plae the onjetured loation
4
, pc = 0.889972 . . . ,
outside the orresponding error bars (though it diers
from the entral value typially by less than 0.1%). One
has: pc = 0.8906(2) (Refs. 10,11), 0.8907(2) (Ref. 12),
0.89081(7) (Ref. 13). For a Gaussian distribution, the
onjeture gives
4,5 J0c = 1.021770, while Ref. 11 nds
J0c = 1.02098(4). Seond, it has been shown that the
exat renormalization-group solution for three pairs of
mutually dual hierarhial latties disagrees with the per-
tinent form of the onjeture, by up to 2%9.
Very reently, these issues have been addressed via the
proposal of an improved onjeture, rst applied to hier-
arhial latties
14
, and later extended to regular ones
15
.
Broadly, this orresponds to onsidering duality prop-
erties applied to a (usually small) luster of sites on the
lattie under examination
14,15
, as opposed to the original
onjeture whih deals only with the partition funtion
of a single bond (the prinipal Boltzmann fator)
4
. The
improved onjeture predits the loation of the NP to
be well within the error bars of reent numerial work
2for the SQ ±J ase: an average over four slightly dif-
fering implementations gives pc = 0.89079(6), though so
far disagreement persists for the Gaussian distribution,
as the improved estimate is J0c = 1.021564
15
. For hi-
erarhial latties, the gap between onjeture and ex-
at renormalization-group solutions has essentially been
bridged by the new approah
14
.
Existing numerial results for T and HC latties (±J
distribution only)
7,16
broadly agree with an early form
of the original onjeture, appliable to pairs of dual lat-
ties
7
: with the binary entropy
H(p) ≡ −p log2 p− (1− p) log2(1− p) , (3)
it is predited that, for a pair of mutually-dual latties 1
and 2,
H12 ≡ H(p1c) +H(p2c) = 1 . (4)
Ref. 7 nds pc = 0.835(5) and 0.930(5), respetively for
T and HC, whih implies 0.981 < H12 < 1.042; these
estimates were rened in Ref. 16 to pc = 0.8355(5) [T℄
and 0.9325(5) [HC℄, giving H12 = 1.002(3).
Further developments
8,15
enabled the prodution of
pairs of individual preditions (always obeying Eq. (4),
with a suitably-adapted form of Eq. (3) for the Gaus-
sian ase). In the framework of the original onjeture,
these are: pc = 0.835806 [T℄ and 0.932704 [HC℄ (±J)8;
J0c = 0.798174 [T℄ and 1.270615 [HC℄ (Gaussian)
15
. For
the improved onjeture (±J only), two slightly diering
implementations give the pairs: pc = 0.835956 [T℄ and
0.932611 [HC℄; pc = 0.835985 [T℄ and 0.932593 [HC℄
15
.
Here, we numerially estimate the loation and ritial
properties of the NP on the T and HC latties. For the
±J ase, we rene the results given in Ref. 16, heking
our data against the more stringent preditions of Refs. 8,
15; for the Gaussian distribution, we are not aware of any
existing results, apart from those given in Ref. 15 for the
onjetured loation of the NP. For ompleteness, and to
provide onsisteny heks of our methods, we revisit the
SQ lattie problem, investigating both distributions.
We apply numerial transfer-matrix (TM) methods
to the spin1/2 random-bond Ising model, on strips of
SQ, T, and HC latties, of widths 4 ≤ N ≤ 14 sites
(SQ), 4 ≤ N ≤ 13 sites (T) and 4 ≤ N ≤ 14 sites
(even values only, HC). We take long strips, usually
of length M = 2 × 106 olumns (pairs of olumns for
HC, beause two iterations of the TM are needed to
restore periodiity). For eah of the quantities evalu-
ated here, averages 〈Q〉 are taken over, and utuations
〈∆Q〉rms alulated among, Ns independently-generated
samples, eah of lengthM . As disussed extensively else-
where
17
, the sample-to-sample utuations 〈∆Q〉rms vary
with M−1/2, and are essentially Nsindependent, pro-
vided that Ns is not very small. The averaged values
〈Q〉 themselves still utuate slightly upon varying Ns,
but the orresponding utuations ∆〈Q〉 die down with
inreasing Ns. We found that, for M as above, mak-
ing Ns = 10 already gives ∆〈Q〉/〈∆Q〉rms . 0.1, thus
Table I: Intervals ∆p, ∆J0 sanned along the NL in our al-
ulations, for latties and oupling distributions [binary (±J)
and Gaussian (G)℄ speied in olumn 1. Np gives total num-
ber of pairs (p,N) or (J0, N) at whih quantities of interest
were alulated. See text.
Type ∆p, ∆J0 Np
SQ, ±J 0.8868  0.8948 123
SQ, G 1.00125  1.03875 140
T, ±J 0.830  0.842 126
HC, ±J 0.9266  0.9386 86
T, G 0.7794 0.8169 134
HC, G 1.254  1.287 94
this onstitutes an adequate ompromise between au-
ray and CPU time expense. Typial upper bounds for
〈∆Q〉rms/〈Q〉 are 10−4 for free energies, 10−3 for domain-
wall energies (see Setion II below for denitions).
We sanned suitable intervals of p or J0 along the NL,
spanning onjetured and (when available) numerially-
alulated positions of the NP, as shown in Table I. For
a given lattie and interation distribution, we took sam-
ples at Np = Np(N) equally-spaed positions for eah
lattie width N , generally starting with Np ≥ 18 for
small N , and dereasing to Np = 9 for N ≥ 8, giving
the totals denoted by Np =
∑
N Np(N) in Table I.
The Mersenne Twister random-number generator
18
was used in all alulations desribed below. In all al-
ulations pertaining to the ±J disorder distribution, a
anonial ensemble was used, i.e. for a given nominal
onentration p of positive bonds, these were drawn from
a reservoir initially ontaining αipNM units (αi = 2, 3, 3
respetively for i = SQ,T, HC). This way, one ensures
that utuations in alulated quantities are onsider-
ably smaller than if a grand-anonial implementation
were used
11,19
.
In Se. II, domain-wall energies are omputed, and
their nite-size saling allows us to estimate both the lo-
ation of the NP along the NL, and the orrelation-length
index, yt ≡ 1/ν whih governs the spread of ferromag-
neti orrelations upon rossing the ferro-paramagneti
phase boundary. The onformal anomaly, or entral
harge, is evaluated in Se. III. In Se. IV, uniform sus-
eptibilites are alulated, and the assoiated exponent
ratio γ/ν is evaluated (for Gaussian oupling distribu-
tions only). In Se. V, we speialize to T and HC lat-
ties, with Gaussian disorder distributions, and investi-
gate the moments of assorted orders of the probability
distributions of spin-spin orrelation funtions. Finally,
in Se. VI, onluding remarks are made.
II. DOMAIN-WALL SCALING
For a strip of width L, in lattie parameter units, of a
two-dimensional spin system, the domain-wall free energy
3σL is the free energy per unit length, in units of T , of a
seam along the full length of the strip. For Ising spins,
σL = f
A
L −fPL , with fPL (fAL ) being the orresponding free
energy for a strip with periodi (antiperiodi) boundary
onditions aross. Within a TM desription of disordered
systems, σL = − ln(ΛA0 /ΛP0 ) where ln ΛP0 , ln ΛA0 are the
largest Lyapunov exponents of the TM, respetively with
periodi and antiperiodi boundary onditions aross.
The duality between orrelation length ξ and interfae
tension σ is well-established20 for pure two-dimensional
systems, and arries over to disordered ases. In a nite-
size saling (FSS) ontext
21
, this means that σL must
sale with 1/L at ritiality, a fat whih has been used in
previous studies of disordered systems
22
, inluding inves-
tigations of the NP
10,11,16
. From onformal invariane
23
one has, at the ritial point:
LσL = πη , (5)
where, for pure systems, η is the same exponent whih
haraterizes the deay of spin-spin orrelations. In the
presene of disorder, however, the saling indies of the
disorder orrelator (i.e., the interfaial tension) dier
from those of its dual, the order orrelator (namely, spin-
spin orrelations)
24
. Nevertheless, the onstraints of on-
formal invariane still hold, thus the amplitude of the
domain wall energy remains a bona de universal quan-
tity
24
. For the NP, reent estimates on the SQ lattie
(±J ouplings) give η = 0.691(2)10,12,24.
We have alulated ΛP0 , Λ
A
0 for strips of SQ, T
and HC latties. Realling that both L in Eq. (5)
and the orrelation length ξ (of whih the surfae
tension is the dual) are atual physial distanes
in lattie parameter units
25,26,27,28
, one nds (see
Ref. 16) that, in terms of the number of sites N
aross the strip, the appropriate expressions for the
saled domain-wall energy are of the form: ηN =
ηN (T, z) = ζi (N/π)(
(
ln ΛP0 (T, z)− ln ΛA0 (T, z)
)
, with
ζi = 1, 2/
√
3,
√
3/2 respetively for i = SQ, T, HC, and
where z = p (±J) or J0 (Gaussian). At (Tc, zc) one must
have limN→∞ ηN = η, the latter being a universal quan-
tity.
Close to the multiritial NP, the saling diretions
are respetively the NL itself, and the temperature
axis
3,13,29
. Therefore (negleting orretions to saling),
along the NL the single relevant variable orresponds to
z − zc.
Aording to nite-size saling
21
, the urves of saled
domain-wall energy alulated for dierent values of
N, T, z along the NL should then oinide when plotted
against x ≡ N1/ν (z − zc).
Bearing in mind that orretions to saling may be
present
11,13
, we allow for their eet from the start.
Thus, we write
13
:
ηN = f [N
1/ν (z − zc)] +N−ωg[N1/ν (z − zc)] , (6)
where ω > 0 is the exponent assoiated to the leading
irrelevant operator. Close enough to the NP the sal-
ing funtions in Eq. (6) should be amenable to Taylor
expansions. One has:
ηN = η+
jm∑
j=1
aj (z−zc)j N j/ν+N−ω
km∑
k=0
bk (z−zc)kNk/ν .
(7)
We adjusted our TM data to Eq. (7), by means of mul-
tiparametri nonlinear least-squares ts. The goodness
of t was measured by the (weighted) χ2 per degree of
freedom (χ2d.o.f.). We tested several assumptions on km,
jm, ω, via their eet on: (i) the resulting χ
2
d.o.f., (ii)
the stability of the nal estimates for zc, η, 1/ν, and (iii)
the broad ompatibility of estimates for η and 1/ν with
existing results for assorted two-dimensional latties and
oupling distributions (under the reasonable assumption
of universality, whih is however provisional, and must
be weighted against the bulk of available evidene).
We found that:
(1) a paraboli form, jm = 2, is adequate for the desrip-
tion of the broad features of data, similarly to onlusions
from the Monte-Carlo study of Ref. 13;
(2) Negleting orretions to saling (all bk ≡ 0) generally
gave a χ2d.o.f. at least one order of magnitude larger than
if suh orretions are inorporated;
(3) Fixing km = 0 and allowing ω to vary gave a nal es-
timate ω ∼ 0.1−0.2, whih is too low to qualify as a bona
de orretion-to-saling exponent; the same happens if
one allows km ≥ 1 with a variable ω;
(4) For xed ω, using km = 1 redues the χ
2
d.o.f. by
a fator of 23 ompared with making km = 0, while
no notieable improvement is forthoming from allowing
km > 1, again in line with Ref. 13;
(5) For xed ω between 1 and 2, results for η and 1/ν
are in fair aord with point (iii) above; ; also, for this
range of ω, χ2d.o.f. is minimized, at ≃ 0.1−0.2, ompared
to any alternative ombination of xed and variable pa-
rameters desribed in this paragraph. The oexistene of
these fats indiates that, within the assumed senario
of desribing orretions to saling via a single (eetive)
exponent, the range of ω just quoted is the one that op-
timizes a universality-onsistent piture.
Thus, we kept jm = 2, km = 1, allowing 1 . ω . 2 in
what follows. Results for ω = 1.5 are shown in Table II.
Sine the error bars quoted in the Table only reet
unertainties intrinsi to the tting proedure, we now
illustrate (see Table III below) the quantitative eets of
relaxing some of the assumptions speied above. This
is espeially important as regards zc, whose alulated
frational unertainty is one to two orders of magnitude
smaller than those for 1/ν, η. Additional heks on the
robustness of suh narrow error bars are therefore in or-
der.
For instane, onsidering the T, ±J ase, xing ω =
1, 2 gives respetively pc = 0.83611(8), 0.83565(6), with
χ2d.o.f. varying by less than 10% against its value for
ω = 1.5. Overall, it seems that a realisti error bar
should at least inlude the tted values of zc obtained for
ω = 1 and 2. Table III shows suh estimates, denoted by
zavec , where the assoiated unertainties reet the spread
4Table II: TM estimates of ritial quantities zc (z = p, J0),
1/ν, and η for latties and oupling distributions [binary (±J)
and Gaussian (G)℄ speied in olumn 1. Column 2 gives
onjetured values of zc; quotations from Refs. 4,5,8, and (for
T and HC latties with G distribution) Ref. 15 refer to original
onjeture, while all others refer to improved onjeture. All
ts used ω = 1.5 (xed), see Eq. (7) and text.
Type onj. pc, J0c 1/ν η χ
2
d.o.f.
SQ, ±J 0.8899724,5 0.89061(6) 0.64(2) 0.689(2) 15/116
0.89079(6)a
SQ, G 1.0217704,5 1.0193(3) 0.65(3) 0.680(2) 28/133
1.02156415
T, ±J 0.8358068 0.83583(6) 0.65(2) 0.691(2) 18/119
0.83597(2)b
HC, ±J 0.9327048 0.93297(5) 0.65(1) 0.702(2) 15.5/79
0.93260(1)b
T, G 0.79817415 0.7971(2) 0.66(2) 0.689(2) 17/127
HC, G 1.27061515 1.2689(3) 0.64(3) 0.690(2) 11/87
a
average over four values from improved onjeture, Ref. 15
b
average over two values from improved onjeture, Ref. 15
Table III: For latties and oupling distributions [binary (±J)
and Gaussian (G)℄ speied in olumn 1, olumn 2 gives rit-
ial quantities zavec (z = p, J0), averaged over values from ts
for ω = 1 and 2 (see text). Coeients b0, b1 (see Eq. (7)) t-
ted for ω = 1.5; the index (0) for the last two olumns denotes
quantities obtained from ts where orretions to saling were
negleted.
Type zavec b0 b1 z
(0)
c χ
2 (0)
d.o.f.
SQ, ±J 0.89065(20) −0.126(3) −3.7(4) 0.8898(1) 416/118
SQ, G 1.0193(4) 0.009(3) −0.35(18) 1.0195(1) 30/135
T, ±J 0.83588(23) −0.145(3) −1.4(4) 0.8348(1) 520/121
HC, ±J 0.93300(15) −0.142(3) −2.5(4) 0.9322(1) 499/81
T, G 0.7972(6) −0.106(3) −0.31(18) 0.7948(3) 163/129
HC, G 1.2691(10) −0.152(4) −0.64(15) 1.2635(9) 325/89
between these extreme values (their own intrinsi uner-
tainties generally being somewhat smaller, see above and
Table II). A remarkable exeption is the SQ, G ase,
for whih the estimate of J0c is virtually unhanged as
ω varies in the range desribed. This instane is also an
exeption in that the amplitude of the orretion term
b0 (olumn 3 of the Table) is muh smaller than for all
other ases; onsequently, neither J0c nor the χ
2
(resp.
olumns 4 and 5) hange appreiably when orretions to
saling are ignored. The latter is not true for any of the
other ases studied.
Our assessment of the estimates quoted in Table III for
the loation of the NP is as follows.
For SQ, ±J our results are in agreement with the
improved onjeture
15
, and with numerial data from
Refs. 10,11,12,13. For T, ±J our range of estimates is
roughly onsistent with the onjeture, both in its orig-
inal
8
and improved
15
versions. It is also at the upper
limit of the early estimate pc = 0.8355(5)
16
.
For all remaining ases, our numerial data indiate
that the onjeture fails to hold, albeit by rather small
amounts, 0.2% at most. For the ±J distribution, our
results for both SQ and HC indiate that the onjetured
position of the NP lies in the paramagneti phase (for SQ,
this is true only for the original onjeture). On the other
hand, for the Gaussian distribution and all three latties,
aording to our estimates the onjeture plaes the NP
slightly inside the ordered phase.
For HC, ±J the result in Table III is again at the
upper end of the range given in Ref. 16, pc = 0.9325(5).
Note also that our estimate for SQ, G lies farther from
the onjeture than the numerial value given in Ref. 11,
namely J0c = 1.02098(4) (thus, this latter also plaes
the onjetured loation of the NP inside the ordered
phase). The above estimates of pc and J0c for T and HC
latties, when plugged into Eq. (4), using Eq. (3) and its
ounterpart for Gaussian distributions
15
, result in:
H(p1c) +H(p2c) = 0.9986(12) (±J) ;
H(J0c1) +H(J0c2) = 1.0014(10) (Gaussian) , (8)
both narrowly missing the onjeture of Eq. (4).
As regards the orrelation-length exponent and the
ritial amplitude η, we found that, for eah lattie and
oupling distribution, the error bars quoted in Table II
are wide enough to aommodate the variations in en-
tral estimates, both when one sweeps ω between 1 and
2 as above, and when zc is varied between the limits es-
tablished in Table III. No evidene emerges from the
data whih justies hallenging our earlier assumption
of universality. From unweighted averages over the re-
spetive olumns of Table II, we quote ν = 1.53(4),
η = 0.690(6). These are to be ompared to the reent
results ν = 1.50(3) (SQ, Ref. 12), 1.48(3) (SQ, Ref. 11),
1.49(2) (T and HC, Ref. 16), 1.527(35) (SQ, Ref. 13), all
for ±J distributions; see also ν = 1.50(3) (SQ, Ref.11),
Gaussian. For the ritial amplitude, we reall (all for
±J): η = 0.691(2)10,12,24 (SQ); 0.674(11) (T), 0.678(15)
(HC), both from Ref. 16 .
The overall quality of our saling plots is illustrated
in Figures 1 and 2. We hose to display data for T and
HC, Gaussian distributions, beause for these there are
fewer data available in the literature. As the last olumn
of Table II shows, the χ2d.o.f. remains very muh in the
same neighborhood for all ases studied.
III. CENTRAL CHARGE
We used the free-energy data generated in Setion II
also to estimate the onformal anomaly, or entral harge
c, at the NP. This is evaluated via the nite-size saling
of the free energy on a strip with periodi boundary on-
5Figure 1: (Color online) Triangular lattie, Gaussian oupling
distribution: saling plot of domain-wall free energies, sub-
trating orretions to saling: ηcorrN = ηN −N
−ωg(N1/ν(J0−
J0c)) [ see Eq. (6) ℄, against the saling variable N
1/ν(J0−J0c).
Error bars are smaller than symbol sizes. The full line is a
quadrati t to orreted data.
Figure 2: (Color online) Honeyomb lattie, Gaussian ou-
pling distribution: saling plot of domain-wall free ener-
gies, subtrating orretions to saling: ηcorrN = ηN −
N−ωg(N1/ν(J0−J0c)) [ see Eq. (6) ℄, against the saling vari-
able N1/ν(J0−J0c). Error bars are smaller than symbol sizes.
The full line is a quadrati t to orreted data.
Table IV: Conformal anomaly c and non-universal higher-
order oeent d, from ts of ritial free-energy data to
Eq. (9). Last olumn gives tted values of c under the ass-
sumption that d ≡ 0 in Eq. (9).
Type c d c [d ≡ 0]
SQ, ±J 0.463(3) 0.13(1) 0.478(2)
SQ, G 0.461(4) 0.14(3) 0.476(2)
T, ±J 0.459(3) 0.01(1) 0.461(1)
HC, ±J 0.457(5) 0.02(2) 0.462(2)
T, G 0.454(4) 0.06(3) 0.461(1)
HC, G 0.468(15) −0.05(6) 0.459(5)
ditions aross
30
,
f(Tc, N) = f(Tc,∞) + πc
6N2
+
d
N4
+O
(
1
N6
)
(9)
where f(Tc,∞) = limL→∞ f(Tc, L) is a regular term
whih orresponds to the bulk system free energy. For
disordered systems, Eq. (9) is expeted to hold when
the ongurationally-averaged free energy is onsidered,
with c taking the meaning of an eetive onformal
anomaly
11,31,32
.
By writing only even powers of N−1 in Eq. (9), it is
assumed that only analyti orretions ome up
33
. While
this is true, e.g., for pure Ising systems, a ounterexam-
ple is the three-state Potts ferromagnet for whih free-
energy orretions in N−2ω0 , N−3ω0 . . . , ω0 = 4/5, are
present
28,34
. Although not muh is known about the op-
erator struture at the NP, existing entral harge es-
timates in this ase have been derived via Eq. (9) so
far with fairly onsistent results, namely =0.464(4)
10,11
,
0.46(1)
35
. We shall return to this point at the end of this
Setion.
We have evaluated free energies at the predited loa-
tions of the NP given in Table III, both at the entral
estimates and at either end of the respetive error bars.
We found that suh values an be alulated with suf-
ient auray, via interpolation of those already om-
puted at the sets of equally-spaed points used originally
in Setion II. Results for the entral harge are displayed
in Table IV, where error bars for all quantities mostly re-
et unertainties intrinsi to the tting proedure itself,
as our estimates are rather stable along the predited in-
tervals of loation of the NP. Indeed, it is expeted
11
that
at ritiality the alulated onformal anomaly passes
through a maximum as a funtion of position along the
NL.
In line with earlier ndings
35
, one sees that for SQ and
both oupling distributions, ignoring the fourth-order
term in Eq. (9) shifts the nal estimate of c by some
4− 5 error bars, away from the expeted universal value
∼ 0.46. On the other hand, for T and HC the tted d is
muh loser to zero than for SQ; furthermore, for these
latter latties, results obtained xing d = 0 appear gen-
erallly more onsistent with universality, and with less
6Table V: For the zero-eld suseptibility and latties as spe-
ied in olumn 1 (all with Gaussian oupling distributions),
olumns 2, 3 , 4 give the leading orretion-to saling expo-
nent as tted, and the orresponding γ/ν and χ2d.o.f.; olumns
5, 6 give the two latter quantities, now taken by keeping ω
xed during the tting proedure, and averaging over result-
ing values for ω = 1 and 2 (see text).
Type ωfit γ/ν χ2d.o.f. (γ/ν)
ave χ2 aved.o.f.
SQ, G 1.3(3) 1.79(2) 0.127 1.793(6) 0.129
T, G 0.7(3) 1.81(1) 0.118 1.814(6) 0.128
HC, G 0.4(6) 1.79(4) 0.17 1.804(7) 0.18
spread, than those found with d kept as a free parame-
ter. Overall, we interpret the above results as indiating
that: (i) there is no evidene for universality breakdown
as regards the onformal anomaly; taking this as true,
(ii) there appears to be no unusual (non-analyti) free-
energy saling orretion N−ω0 with 2 < ω0 < 4; and
(iii) it is possible that the fourth-order term is d ≡ 0 for
T and HC, similarly to the ase of pure Ising systems
28
.
IV. UNIFORM SUSCEPTIBILITIES
We alulated uniform zero-eld suseptibilities along
the NL, for SQ, T and HC latties and only for Gaus-
sian distributions, as done in previous investigations for
±J16,36. For the nite dierenes used in numerial dif-
ferentiation, we used a eld step δh = 10−4 in units of
T . We swept the same respetive intervals of J0 quoted
in Table I.
Finite-size saling arguments
21
suggest a form
χN = N
γ/ν f [N1/ν(J0 − J0c) ] , (10)
where χN is the nite-size suseptibility, and γ is the
suseptibility exponent. In order to redue the number
of tting parameters, we kept 1/ν and J0c xed at their
entral estimates obtained in Se. II, and allowed γ/ν to
vary. Again, we took orretions to saling into aount.
Following Ref. 13, we write:
lnχ =
γ
ν
lnN +
jm∑
j=1
aj (J0 − J0c)j N j/ν +
+N−ω
km∑
k=0
bk (J0 − J0c)kNk/ν . (11)
Similarly to Setion II above, we found that hoosing
jm = 2, km = 1 enables one to obtain good ts to nu-
merial data, with χ2d.o.f. ≃ 01.− 0.2. The onsequenes
of keeping ω as a free parameter or, on the other hand,
xing its value during the tting proedure, an be seen
in Table V. While the tted value of ω for SQ looks a-
eptable, the same annot be said of that for HC, as the
assoiated error bar allows even slightly negative values
(the result for T being half-way between the other two).
Also, by keeping ω as a free parameter, one gets an error
bar for γ/ν that is at least twie that obtained if ω is
kept xed between 1 and 2, without any notieable im-
provement in the χ2d.o.f.. On the other hand, using xed
ω above this latter range results in a slow but steady loss
of quality: for example, for the T lattie, ω = 4 gives
χ2d.o.f. ≃ 0.2. Thus, although the idea of allowing ω to
vary freely seems, in priniple, the orret thing to do,
the results in this partiular ase do not appear to be
obviously more reliable than those averaged for xed ω
between 1 and 2. We then deided to use these latter
as our main referene. Taking an unweighted average
over the three estimates for (γ/ν)ave gives the nal value
γ/ν = 1.804(16). This is to be ompared to the following
(all for ±J distributions): 1.80(2)36 [SQ℄; 1.795(20) [T℄
and 1.80(4) [HC℄, both from Ref. 16; 1.801.8211 [SQ℄.
V. CORRELATION FUNCTIONS
Our study of orrelation funtions is based on previous
work for SQ
37
, T and HC latties
16
(±J only). In this
Setion, we speialize to the Gaussian distribution, for T
and HC latties only. On the NL, the moments of the
PDF for the orrelation funtion between Ising spins σi,
σj are equal two by two
1,2,38,39
:
[ 〈σiσj〉2ℓ−1] = [ 〈σiσj〉2ℓ] , (12)
where angled brakets indiate thermal average, square
brakets stand for ongurational averages over disorder,
and ℓ = 1, 2, . . . .
At the NP, onformal invariane
40
is expeted to
hold, provided suitable averages over disorder are onsid-
ered
10,12,16,24,37,41,42,43
. On a strip of width L of a square
lattie, with periodi boundary onditions aross, the
disorder-averaged k-th moment of the orrelation fun-
tion PDF between spins loated respetively at the origin
and at (x, y) behaves at ritiality as:
[ 〈σiσj〉k] ∼ z−ηk , z ≡ [ sinh2(πx/L) + sin2(πy/L) ]1/2 .
(13)
For the T and HC latties, the same is true, provided
that the atual, i.e., geometri site oordinates along the
strip are used in Eq. (13). Details are given in Ref. 16.
Note that Eq. (12) implies η 2ℓ−1 = η 2ℓ.
As in earlier work
16,37
, we onentrate on short-
distane orrelations, i.e., where the argument z is
strongly inuened by y. Suh a setup is espeially onve-
nient in order to probe the angular dependene predited
in Eq. (13), whih onstitutes a rather stringent test of
onformal invariane properties.
Following Refs. 10,16,37, we extrat the deay-of-
orrelations exponents η k, via least-squares ts of our
data to the form m k ∼ z−ηk . We also onsider the ex-
ponent η0 whih haraterizes the zeroth-order moment
of the orrelation-funtion distribution
35
, i.e. it gives the
7typial, or most probable, value of this quantity (see, e.g.,
Ref. 43 and referenes therein). One has, in the bulk,
G0(R) ≡ exp [ln〈σ0σR〉]av ∼ R−η0 . (14)
Calulations on strips of the ±J SQ lattie, at the early
onjetured loation of the NP
4
, gave the estimate η0 =
0.194(1)35 .
As seen in earlier work
37
, for strip widths N = 10 or
thereabouts, nite-width eets are already mostly sub-
sumed in the expliit L (i.e., N) dependene of Eq. (13).
However, some detetable (albeit tiny) variations in the
alulated values of averaged moments of the orrelation
funtion PDF may still persist upon varying N . These
are of ourse minimized at the ritial point where the
bulk orrelation length diverges. We have alulated or-
relation funtions for N ≤ 12, for values of J0 within the
error bars given for the loation of the NP in Table III .
We have seen that along these intervals of J0, the trend
followed by suh averaged moments against N variation
is as follows: for T, it annot be distinguished from stabil-
ity within error bars, while for HC it is slightly downward
(of the order of one error bar from N = 10 to N = 12).
For xed N and J0, one error bar assoiated to intrinsi
utuations is . 1%.
Table VI gives numerial results of the ts for k = 0,
and odd k > 1 (we have also alulated even moments
for k ≥ 2 and heked that Eq. (12) holds). One sees
that T and HC estimates are quite onsistent with eah
other for all k. On the other hand, for k = 0, 1, and 3
they fall slightly below their existing ounterparts, given
in olumns 4, 5, and 6 of the Table. For k = 5 and 7, as
a onsequene of generally wider error bars, all estimates
are broadly ompatible with one another.
Physially, obtaining (via least-squares ts) a smaller
[larger℄ than expeted value for the deay-of-orrelations
exponent would indiate that it is being evaluated inside
the ordered [paramagneti℄ phase, instead of right at the
ritial point.
Applying these ideas to the k = 0 ase, we reall that
the result of Ref. 35 for SQ, ±J was alulated at the
originally onjetured position of the NP
4
. By now, it
seems well established that this point is in the disordered
phase (see Table II). Therefore, the value of Ref. 35
should be taken as an upper bound, whih is obeyed by
our present estimates.
For k = 1 and 3, one might use the same argument as
above to argue that the result of Ref. 37 is too large, as
it was alulated at the same point as that of Ref. 35.
On the other hand, this annot be said of the addi-
tional estimates quoted in the Table, all of whih are also
larger than ours (though in some ases the respetive er-
ror bars overlap, or at least touh eah other). Using
the reasoning desribed above, one would infer that for
T and HC with Gaussian distribution, the ranges of lo-
ations for the NP given in Table III are in fat both
inside the ordered phase. Sine these latter, in their
turn, put the onjetured NP position also inside the
ordered phase, the nal onlusion would be that the a-
Table VI: Estimates of exponents η k, from least-squares ts of
averaged moments of orrelation-funtion distributions to the
formmk ∼ z
−η k
, for z dened in Eq. (13). For olumns 2 and
3 (this work), entral estimates and error bars reet averages
between results for N = 10 and 12, as well as variations from
sanning J0 along the error bars for loations of NP given in
Table III. Columns 4, 5, 6 quote existing data for omparison.
For SQ, all results are for ±J oupling distribution, unless
otherwise noted.
k T (G) HC (G) T (±J)16 HC (±J)16 SQ
0 0.185(3) 0.184(3)   0.194(1)35
1 0.178(2) 0.178(2) 0.181(1) 0.181(1) 0.1854(17)37
0.1854(19)10
0.183(3)12
0.1848(3)11
0.1818(2) [G℄11
0.180(5)13
3 0.250(2) 0.252(2) 0.251(1) 0.252(1) 0.2556(20)37
0.2561(26)10
0.253(3)12
0.2552(9)11
0.2559(2) [G℄11
5 0.296(2) 0.300(5) 0.297(2) 0.296(2) 0.300(2)37
0.3015(30)10
0.3004(13)11
0.3041(2) [G℄11
7 0.331(4) 0.336(6) 0.330(2) 0.329(3) 0.334(3)37
0.3354(34)10
0.3341(16)11
0.3402(2) [G℄11
tual loation of the NP diers from the onjeture by an
amount larger than predited by domain-wall (DW) sal-
ing: J real0c < J
DW
0c < J
conj.
0c . The slight downward trend
against inreasing N , reported above for HC, would be
onsistent with this senario. However, we have not seen
a similar trend for T.
One should note also that all the disrepanies re-
marked upon are rather small: the single worst ase, as
regards entral estimates, is that of the present result
η1 = 0.178 against η1 = 0.1854
10,37
, amounting to 4%,
or ≃ 3.5 times the respetive error bar. Given that the
quoted values (espeially those for the assoiated uner-
tainties) are likely to depend on details of the respetive
tting proedures, the resulting piture looks mixed.
In onlusion, existing evidene does not seem strong
enough to state that our estimates from Se. II for the
loation of the NP on T and HC latties (Gaussian dis-
tribution) are denitely inside the ordered phase.
8VI. DISCUSSION AND CONCLUSIONS
We have used domain-wall saling tehniques in Se. II
to determine the loation of the Nishimori point of Ising
spin glasses. In the analysis of our data we allowed for
the existene of orretions to saling, see Eqs. (6) and
(7).
Results for the SQ lattie, ±J distribution, show that
suh orretions play a ruial role in the nite-size sal-
ing of domain-wall energies. Indeed, when they are
taken into aount, the estimated position of the NP is
pc = 0.89065(20), in exelent agreement with reent and
very aurate numerial work
11,13
. One an see from the
two last olumns of Table III that, if orretions to saling
are ignored, the value of pc whih minimizes the χ
2
d.o.f.
(though at a level ∼ 30 times that obtained when or-
retions are inorporated) is instead pc = 0.8898(1), very
lose to the original onjeture and inompatible with
the above-mentioned body of numerial evidene. In ret-
rospet, one sees that the domain-wall saling result of
Ref. 16 for this ase, namely pc = 0.8900(5), essentially
suers from the eet of ignoring orretions to saling
(though even so it still piks out the orret exponent,
1/ν = 1.45(8)16).
Going over to SQ, Gaussian, domain-wall saling for
strips of widths 4 ≤ N ≤ 14 sites gives J0c = 1.0193(4),
lower than both the onjeture (original and improved)
and the result of Ref. 11, J0c = 1.02098(4)). In that
Referene, the mapping of the spin problem to a network
model (desribed in Ref. 12) enabled the authors to reah
signiantly larger lattie sizes than here. The result just
quoted was obtained by extrapolation of 11 ≤ N ≤ 24
rossing-point data, without expliit aount of orre-
tions to saling (whih, as those authors show, do pro-
due a trend reversal around N = 8, and are expeted
to have negligible eet for the large widths used in the
extrapolation). It may be that our own data fail to inor-
porate an underlying trend whih only omes about for
larger systems. Nevertheless, the stability of our results
for this partiular ase is remarkable, as pointed out in
the initial disussion of Table III.
Our results for T and HC, ±J distribution, are
marginally ompatible with, but more aurate than, the
earlier ones of Ref. 16; though for T they are also broadly
ompatible with the onjeture in both original and im-
proved versions, for HC our estimate in Table III lies at
least two error bars away from the onjeture.
For T and HC, Gaussian distribution, in both ases
the disrepany between our results and the onjeture
is again of the order of two error bars.
Consequently, as shown in Eq. (8), we predit the
duality-based onjeture of Eq. (4) to be narrowly missed,
for both±J and Gaussian ases, though on opposite sides
of the hypothesized equality.
As regards the exponent ν and ritial amplitude η (see
Eq. (5)) whih are also estimated via domain-wall saling,
we have found no evidene of nonuniversal, lattie or
disorder distribution dependent, behavior. Therefore,
from unweighted averages over all six ases studied, we
quote ν = 1.53(4), η = 0.690(6). Both are in very good
agreement with existing numerial results (see the end of
Se. II for detailed omparisons).
The onformal anomaly values alulated in Se. III
are in good agreement among themselves and with pre-
vious estimates
10,11,35
. Our ts for the non-universal o-
eient d of the fourth-order orretion to the ritial
free energy suggest that d ≡ 0 for T and HC latties
(while denitely d 6= 0 for SQ). This would be similar
to the lattie-dependent struture of orretions for pure
Ising systems
28
. An unweighted average of values from
Table IV (using results of ts with d 6= 0 for SQ, and
with d ≡ 0 for T and HC) gives c = 0.461(5).
In Se. IV we evaluated uniform zeroeld suseptibil-
ities, by diret numerial dierentiation of the free en-
ergy against external eld. Only Gaussian distributions
were onsidered, for SQ, T, and HC. Though our results
show some lattie-dependent spread, the error bars for
(γ/ν)ave still overlap in pairs. It is known that susepti-
bility alulations are prone to larger utuations than,
e.g., domain-wall energy ones
11
. In the Monte Carlo sim-
ulations of Ref. 13, this eet was redued by onsidering
the quantity χ/ξ2 (where ξ is the nite-size orrelation
length), whih behaves more smoothly than χ on its own.
Our nal estimate (averaged over results for all three
latties), γ/ν = 1.804(16), ompares favorably (albeit
somewhat lose to marginally) with the orresponding
one from Ref. 13, γ/ν = 1.820(5).
Finally, in Se. V we applied onformal-invariane
onepts to the statistis of spin-spin orrelation fun-
tions, extrating the assoiated multifratal saling ex-
ponents
10,11,12,24
. We only examined T and HC latties,
for Gaussian oupling distributions. The overall piture
summarized in Table VI points towards universality of
the exponents {ηk}, though some small disrepanies re-
main. The ase k = 1 is espeially relevant, on a-
ount of its onnetion with the uniform suseptibility
via the saling relation γ/ν = 2 − η1. While our re-
sult η1 = 0.178(2) is somewhat lower than existing data
from diret alulations of orrelation funtions, it gives
γ/ν = 1.822(2) when inserted in the saling relation.
This agrees very well with the above-quoted estimate
13
,
γ/ν = 1.820(5).
In summary, we have produed estimates of the loa-
tion of the NP on SQ, T and HC latties, and for ±J
and Gaussian oupling distributions. Though these are
onsistent with existing onjetures for SQ and T (both
±J), they appear to exlude the respetive onjetured
values for the remaining ases. However, the disrepan-
ies are very small, amounting to 0.2% in the worst ase
(SQ, Gaussian). Furthermore, we have assessed several
ritial quantities (amplitudes and exponents), and found
an overall piture onsistent with universality as regards
lattie struture and disorder distribution.
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